It is found that wave functions belonging to a certain subspace in a half· filled shell yield spherical symmetric electron density. This result comes from the well· known disappearance rule in the atomic spectroscopy together with additional considerations.
After Racah's works/H) much effort has been put into the analysis of atomic spectra of open shell atoms,4) but not so much into the spin dependent electron density (SED) and the total electron density (TED). One of the reasons for this is that we cannot prepare an atomic pure state. And another reason is that the open shell atom is a degenerate system, so that the TED and the SED depend on the details of wave functions.
In this paper, we will discuss the next two points, [1] to obtain a useful expression of the TED and the SED to examine the symmetry of the system, [2] to show that a half-filled open shell atom possesses spherical symmetric TED independent of details of the wave functions under a loose condition.
[1] Let us begin with the first point. We restrict the Hilbert space to a multiplet in an IN-shell at first, where I stands for one-electron angular momentum and N for the number of electrons in the system. The TED andthe SED are not spherical symmetric in general, because we deal with a degenerate system. We can decompose them into multipole densities around the atomic nucleus. This expression is useful to examine the spatial symmetry of the TED and the SED. The second quantization method is introduced to consider the Pauli principle and the symmetry simultaneously.
At the first step, let us decompose the TED operator and the SED operator into the multipole density operators. The SED operator and the TED operator are (1) The TED operator is obtained from the SED operator, so we will discuss only on the SED operator in the following. In the IN-shell, the creation field operator is expressed as (2) The cp's (the x's) are the basis set for the one-electron spatial (spin) states and -I ~ml~l (integer), (ms=-1/2, 1/2). The CPlm'S behave like the spherical harmonics Y1m,( r) under the rotation, so it possesses the well-defined parity; (_1)1. On the other hand, the annihilation field operator is given, in accordance with the ordinary nota- 
The ii's behave like the at's under the rotation in the operator space. Basis functions with tilde behave like those without tilde. The decomposed form of the SED operator is given by the next equation, which is derived from the straightforward calculation using the orthogonality conditions for the Clebsh-Gordan coefficients.
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where OSAS21 Before going on, here we note the rule,
It is because the right-hand side of Eq. (8) (2).) Now we calculate the expectation value with a wave function belonging to a multiplet ;S+1L of the IN-shell. v is the seniority number introduced by Racah. 
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where C stands for the set; {c(ML, Ms)}. It is assumed in the following that we already know the normalized basis set; {ILML5Ms>} in the (2L+ 1)(25+ I)-dimensional subspace.
3 ),S), 6) Then, using Eqs. (7) and (12) and the Wigner-Eckart theorem,9) we get the final expression for the SED,
The irreducible matrix elements of the tensor operators; the <LSII T,l~IILS>'s are Cindependent and contain solely the Pauli principle. C -dependence of the SED is only through the factor k. Generalization to (11+ 12)N-shell is not so difficult. If we consider the spin-orbit interaction in the L-S coupling scheme, we should select the subspace 2S+1 L,c 2S +1 L. Generalization to this case is also not difficult. Let us consider a simple example; the TED of the p3(2D) state, which will make clear the merit of Eq. (14). This is an excited state in a half-filled shell (1=1, N=3). Then (A=I)-component vanishes from the rule (11) among A=O, 1 and 2. After doing the sum of the spin coordinate, we have from Eq. (14) We can show that the irreducible matrix element for A=2 vanishes. To do so, we can use the next equation based on the Wigner-Eckart theorem. 
On the other hand, on the right-hand side of Eq. (16), the Clebsh-Gordan coefficients are not zero, so that the irreducible matrix element for A=2 must dis-. appear. This means the TED of the p3(2D) state has the spherical symmetry independent of the C.
[2] Let us consider the second point. In the atomic spectroscopy, the properties of ground and excited states in half-filled shells have attracted some researchers.
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In these cases, many matrix elements for the crystal field effect and that of the spin-orbit interaction between multiplets in a half-filled shell vanish. This fact comes from a certain disappearance rule. And the origin of disappearance of the multipole densities of the excited state in the above example is just the same rule. This rule was derived by Racah.
He showed that the multiplets in a halffilled shell can be divided into two classes. Each class characterized by the seniority number v. For example, multiplets in the d 5 -shell are classified as in Table I . And he established the disappearance rule of matrix elements of one-particle tensor operators (the TAlc's) between these classes. His result is given in Table II . Now let us reconsider the TED and the SED in a half-filled shell. In our cases, the wave function belongs to a multiplets, i.e., v=v', 5=5', L=L'. So the diagonal parts of the matrices in Table II are important. The TED contains only the components of (A, K)=(even, 0) of Eq. (14). Further, from Racah's disappearance rule, we can confirm that the TED is spherical symmetric (of course, independent of C). But the SED is not, because it contains the components of (A, K)=(even, 1) which do not vanish. W ecan extend the subspace to the direct sum of multiplets belonging to either the class 1 or the class 2, because the rule (11) and Racah's disappearance rule still can be used. v is not a good quantum number. Therefore our discussion in this section is under some approximations. An atomic state in a half-filled shell can yield non-zero multipole density, due to configuration interaction between multiplets of different classes. How large it can be? This is the new problem dependent on the details of C.
Let us summarize the above discussions. (1) An expression of the total electron density and the spin dependent electron density in the atomic system is presented as the linear combination of multipole densities around the nucleus. In each multipole density, the dependence on the details of the wave function is decoupled. (2) All the wave function in a certain class of multiplets in a half-filled shell yields the spherical symmetric electron density. This fact is free from the detail of wave function in that space. The spin dependent electron density, however, does not so.
In this paper, we have dealt with a somewhat exceptional case. But Eq. (14) can be used for the case dependent on details of wave function. This will be discussed in another place.
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